An application of current interest in sound reproduction systems is the creation of multizone sound fields which produce multiple independent sound fields for multiple listeners. The challenge in producing such sound fields is the avoidance of interference between sound zones, which is dependent on the geometry of the zone and the direction of arrival of the desired sound fields. This paper provides a theoretical basis for the generation of two zones 
I. INTRODUCTION
A problem of current interest is the creation of multiple sound zones, which allow two or more listeners to hear different audio signals at different positions in space. The use of headphones allows individual listening, but these become uncomfortable after extended use, and alternative methods have been investigated, using loudspeaker arrays to create multiple personal sound zones [1] [2] [3] [4] [5] [6] . Commonly two zones are considered, but some attempts have been made to produce three or more zones 6, 7 .
Optimum methods have been considered based on controlling the space-averaged potential energy density. One method considered brightness maximization with a power constraint and a second maximized the ratio of the energy density between the two regions 2, [8] [9] [10] . The maximization of the difference in energy between regions was also considered 11 , where it was shown that maximizing the difference can be more robust than maximizing the ratio while maintaining a desired energy level.
These energy-based methods do not control the phase of the reproduced sound field, and hence the direction of propagation. Control of the energy and the direction of propagation can be provided by direct pressure matching 7, 12 , by modal control 5, 6, 13 , by the control of acoustic intensity 3 or by combining optimum contrast methods with pressure matching [14] [15] [16] [17] .
Methods that exploit sparsity have also been applied to reduce the complexity of sound field reproduction: pressure matching has been combined with a Lasso approach to reduce the number of loudspeakers 12 . Multizone reproduction in reverberant rooms has been considered where a reduction in complexity is achieved by modeling the reverberant response as a sparse set of plane waves 18 .
Solutions to the N-zone problem must provide N sound fields in which the n-th field must have regions of silence at the position of the other (N-1) zones. For sound zones which are sufficiently separate in space, and for certain directions of propagation, standard beamforming techniques will be sufficient to allow sound to be directed between silent zones to illuminate a desired target zone 1, 19, 20 . However, if the direction of sound propagation is along the line through the centre of two zones, the sound must travel through the desired zone and then avoid the silent zone. This is possible if the silent zone is physically isolated by a sound barrier, in which case the silent zone is a separate enclosure and sound diffracts around the enclosure boundary. In the absence of an enclosure, however, sound must avoid the silent zone without the aid of a physical barrier. This counter-intuitive objective may seem difficult to achieve. Nevertheless, numerical solutions have shown that wave fronts can avoid an inline or close to in-line silent zone 7, 17 .
This paper attempts to provide a physical explanation for the effect. An approach to the multi-zone problem is considered in which a sound field is developed that is a solution to the wave equation in cylindrical harmonics and that produces a single zone of silence (ZOS). If the low-order modes of the cylindrical expansion are suppressed, a null is formed, due to the high-pass nature of the Bessel functions at low values of the argument. A second field can then be generated which will produce a desired field in the null region without interference, and avoiding the need to suppress interference terms 13 . Similarly, suppressing the low order terms of the second field will produce a null in which the first field can be heard without interference. This approach demonstrates that there is a sound physical basis for the generation of two independent sound zones with no inter-zone interference. The paper considers the free-field, 2D case for simplicity. However the results also extend to the 3D
case.
The structure of this paper is as follows. In section II the theoretical basis for the creation of a single, frequency-independent ZOS is presented. Section III considers the creation of a zone at an arbitrary position. Section IV discusses the generation of a two-zone sound field using a circular array of sources and presents simulation results.
II. CREATION OF A SOUND FIELD WITH A ZONE OF SILENCE AT THE ORIGIN A. Theoretical Basis
The 
The sound pressure is then
which will be small over the radius Z R given by Eq. (2) and generates a ZOS centered at the origin.
As an example, Fig. 1 shows the sound pressure field due to a 1 kHz plane wave arriving from 0 degrees (i.e., from the right), with attenuation of the pressure for radii less than 0.5 m, which correspond to a 9 th order ZOS. The magnitude in dB is shown in The sound field obtained using the complementary spatial low-pass sequence to Eq. (3)
i.e. the complementary field, may also be defined as
This sound field tends to be confined within the circular region of radius Z R , outside of which the acoustic energy decays. The sound field with ZOS can then be written
The average radial level variation,
can be found by calculating the angle-averaged squared sound pressure from Eq. (4)
from which
can be found in the same way.
For a plane wave sound field, Eq. (8) yields
which is the truncation error for constructing the approximation to the plane wave using the complementary field in Eq. (6) 23 . A similar expression exists for the 3D case in terms of spherical Bessel functions 23 .
An alternative definition of the ZOS radius can be derived from Eq. 
The radial level variation of the ZOS field is shown in Fig. 3 for radii up to 1 meter for a 1 kHz plane wave and for zone orders M 0 from 0 to 5. The sound pressure reduces to zero at the origin. An exact pressure null cannot be achieved over the entire region, since such a field If the region where a non-zero sound field is desired is along this line, it will receive a reduced sound pressure. This provides a modal explanation for the fact that two zones of silence do not perform as well when they are in line with the direction of propagation of one or both of the desired sound sources 7 . 
B. Generation of a frequency-invariant zone of silence
The radius of the ZOS for a given order, M 0 , is frequency dependent, as per Eq. (2). For the ZOS to be frequency independent, the zone order at each frequency must be
which is the impulse response of an ideal low-pass filter with cutoff frequency given by Eq.
(12). The resulting response cannot be delayed by any amount to produce a causal solution.
This problem is well-known in filter design problems 25 . In practice the low-pass filter can be windowed in time, which produces a finite transition from 1 to zero in the frequency domain.
The response may then be delayed to ensure causality. A simple way to achieve this is to produce a linear transition from 0 to 1 above the mode cutoff index in Eq. (11) . In the simulations to follow, a linear transition with weights 0, 0.25, 0.5, 0.75 is used for m = M 0 to M 0 + 3 (with the same behavior for negative m).
III. CREATION OF ZONES OF SILENCE AT ARBITRARY POSITIONS
The theory presented in the previous section allows the generation of frequency-independent nulls positioned at the origin. In order to provide two separate zones with independent sound fields, the null must be positioned at an arbitrary point within a loudspeaker array. 
For example, the sound field produced for a zone positioned at 1 meter from the origin and at an angle of 45 degrees is shown in Fig. 7 . The field is identical to that in Fig. 1 , but shifted to the zone coordinates. 
IV. GENERATION OF A TWO-ZONE SOUND FIELD USING A DISCRETE ARRAY OF SOURCES
If two sound fields are produced, which have non-overlapping zones of silence positioned at different positions   , , 1, 2Rq   , then at each ZOS position, only one sound field will be heard, and a two-zone sound field is produced. At positions other than the two null positions, both fields will be heard.
13
The two sound fields can be produced in practice using a circular array of L sources positioned at radius R L , with angles
The spatial Nyquist frequency of the array is
The array is able to reproduce a desired sound field up to f Nyq for all radii
The required line source weights to produce a sound field with coefficients   m Ak can be determined by first assuming the field is produced by a continuous distribution of sources
where the cylindrical Hankel function is proportional to the 2D free-space Greens function 
with expansion coefficients q  . Substituting Eq.s (21) and (22) 
Inserting these coefficients in Eq. (23), a two-zone sound field may be produced.
14 As an example, we consider a circular array of 351 sources at a radius of 2 m, producing a spatial Nyquist frequency of 4.7 kHz. We generate two sound fields, each being a pulse of bandwidth 4 kHz and each producing a ZOS at a distance of 1 m from the origin, with one zone at an angle of 0 degrees (zone to the right in the figure) and the other at 180 degrees. In the first zone a pulse arriving from an angle of 135 degrees (from top-left of the figure) will be produced and in the second zone a pulse arriving from 45 degrees (from top-right) will be produced.
The sound field was calculated at 100 frequencies up to 4 kHz, with a time duration of 25 ms (and a delay of 12.5 ms to ensure causality). Figure 8 shows the individual sound fields at 12.5 ms, when each pulse is crossing its corresponding ZOS. Figure 9 shows the pulses at 18.4 ms, when they are crossing their corresponding target zones. The pulses are accurately produced in the target zones.
If the angle of arrival of the pulse is in line with the two zone centers, then the pulse reproduced in the target zone will be reduced in amplitude, since the wave front must avoid the ZOS. This is shown in Fig. 10 for a single pulse arriving from zero degrees angle of incidence. Fig 10(a) shows the sound field when the pulse is crossing the null region and Fig.   10(b) shows the pulse at the center of the desired zone. The wave front produced in the desired zone has artefacts caused by the residual diffraction of sound around the null zone. 
V. CONCLUSIONS
This paper has provided a theoretical basis for the generation of a single zone of silence, based on the elimination of low order modes in the cylindrical expansion of the sound field.
Frequency-invariant nulls can be produced by suppressing increasing numbers of modes with increasing frequency. It has been shown that broadband pulses can be synthesized that avoid the zone of silence.
While the theory has been restricted to 2D for simplicity, similar results occur in the 3D case.
For example the angle-averaged sound pressures for a plane wave and given zone order have similar forms to Fig. 3 for the 3D case and the zone pressure can be calculated in terms of spherical Bessel functions 23 . However, the generation of 3D fields requires considerably more sources than the 2D case and is less likely to be implemented. While a circular array of ideal line sources has been used for the 2D simulations presented here, zones of silence with similar behavior are also produced if the line sources are replaced with point sources and the sectorial approximation used 28 , but this has not been considered here.
The generation of a single ZOS provides a way to produce two sound zones using the same loudspeaker array, where different program material is heard in each zone. The advantage of the method presented here is that significant suppression of the sound pressure is produced in the target null zone, provided that the loudspeakers are well-matched. However, the ZOS is produced at the expense of some distortion of the wave field in the other zone, particularly when it is in line with the direction of propagation of the sound.
The ZOS technique creates two global sound fields within a speaker array, each with a small local null. This contrasts with the spatial bandstop approach which creates local zones using lower order modes in each zone, and cancels the residual effect of these local modes in a second zone using higher order modes which have small amplitudes in the first zone 13 .
The theory presented here shows that the production of a two-zone personal sound system is well-founded. However, it offers little support for the generation of three or more zones.
Previous publications have shown that three zones can be produced, and it is clear that wellseparated zones can have independent sound fields via beam forming techniques. Hence the theory presented here is applicable to the two-zone problem only, and does not preclude the generation of higher numbers of zones.
This paper has assumed free-field conditions. The creation of a zone of silence in a reverberant room would produce zero direct field within the zone, but room reflections would be produced within the zone, destroying the independence of the sound fields in the two zones. However, the use of active cancellation of reverberation would allow zones of silence to be produced in the reverberant case 29 . The control of higher order modes means that the region of cancellation can be larger than obtained by zeroth-order pressure control, which produces a region of around one tenth of a wavelength 30 .
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